Even though foundations of the eigenstate thermalization hypothesis (ETH) are based on random matrix theory, physical Hamiltonians and observables substantially differ from random operators. One of the major challenges is to embed local integrals of motion (LIOMs) within the ETH. Here we focus on their impact on fluctuations and structure of the diagonal matrix elements of local observables. We first show that nonvanishing fluctuations entail the presence of LIOMs. Then we introduce a generic protocol to construct observables, subtracted by their projections on LIOMs as well as products of LIOMs. The protocol systematically reduces fluctuations and/or the structure of the diagonal matrix elements. We verify our arguments by numerical results for integrable and nonintegrable models.
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Introduction. Nonequilibrium dynamics of isolated quantum many-body systems can nowadays be studied both theoretically and experimentally. In the latter case, quantum simulators based on, e.g., quantum gases [1] [2] [3] [4] provide a platform to address fundamental questions of quantum mechanics, such as whether and how an initial nonequilibrium system reaches a thermal state [5] [6] [7] [8] [9] [10] [11] .
Rigorous theoretic approaches, ranging from the von Neumann's quantum ergodic theorem [12, 13] to the random matrix theory [9] , provide general understanding of thermalization in isolated quantum systems. Nevertheless, much less is known about thermalization of fewbody and local operators, which are relevant for experiments. Indeed, it has recently been shown that few-body operators are atypical [14] in the sense that they violate predictions of the theories mentioned above.
Based on random matrix theory, the eigenstate thermalization hypothesis (ETH) provides a framework to explain thermalization of local observables [15] in macroscopic quantum systems [9, [16] [17] [18] [19] [20] . While the ETH has not yet been rigorously proved, strong numerical evidence supports validity of the ETH in various generic Hamiltonians with local interactions [19, . The ETH is most commonly expressed by the Srednicki ansatz [18] for the matrix elements of local observables A nm = n|Â|m in the basis of eigenstates {|n } of the HamiltonianĤ. The focus of this work are the diagonal matrix elements, which are (up to fluctuations) smooth functions of energies, A nn A(E n ). An important feature beyond predictions of random matrix theory is that in general A(E n ) = const. In other words, A nn show some structure [9, 14] , e.g., the slope of A(E n ) is nonzero as shown in Fig. 1 . As a consequence of the structure, quantitative measures of fluctuations in finite systems, defined within energy windows that scale polynomially with system size, may be ambiguous. The most powerful indicator of the ETH established so far are "local" fluctuations of A nn (expressed in terms of nearest level fluctuations of A nn ), which decay exponentially with system size [31, 36, 42] .
In the context of quadratic and Bethe ansatz integrable models (shortly, integrable models), it is well known that fluctuations of most local observables decay slower than exponential, and hence the ETH is violated [22, [45] [46] [47] . This observation can be explained by arguing that Hamiltonian eigenstates with a similar distribution of local integrals of motion (LIOMs) also exhibit similar values of the diagonal matrix elements of observables. Those arguments form the basis of the generalized ETH [45, 46, 48] and the quench action approach [49] [50] [51] [52] [53] [54] [55] , which both provide a framework to explain the success of the generalized Gibbs ensemble to describe equilibration in integrable systems [46, 56] . In spite of those advances [57] , nevertheless, the quantitative role of integrals of motion in the ETH remains widely unexplored.
In this Letter we develop a theory that quantifies the impact of integrals of motion on fluctuations and structure of the diagonal matrix elements of local observables (shortly, observables). First we show that a specific sizedependence of the latter fluctuations entails the presence of LIOMs. Then, we outline a generic procedure, applicable to both integrable and nonintegrable models, in which observables are subtracted by their projections on LIOMs as well as products of LIOMs (that are few-body but nonlocal conserved operators). This reduces fluc-tuations and/or the structure of the diagonal matrix elements, which is explicitly demonstrated in two examples.
Preliminaries. We study translationally-invariant (TI) chains with L sites and discuss traceless TI observables,
j , whereâ j is the density ofÂ supported in the vicinity of site j. The choice of the prefactor 1/ √ L is uncommon but convenient since it yields the operators normalized, i.e., 0 < lim L→∞ ||Â|| < ∞. The Hilbert-Schmidt norm ||Â|| is defined as
where Z is the Hilbert space dimension. We introduce averaging over infinite time window,Â = lim τ →∞ for arbitrary energy window ∆. We verify Eq. (5) for other structureless operator in an interacting integrable model [78] . We also note that the validity of Eq. (5) 
which in the thermodynamic limit holds for arbitrary smooth function of energy f (E n ). We show in what follows that Eq. (6) entails the presence of LIOMs. We introduce a projected observablê
and argue that the time-averaged observableÂ ⊥ is a LIOM, orthogonal to the HamiltonianĤ. We first recall that any time-averaged operator is conserved (but not necessarily local), and that time averaging is an orthogonal projection ÂB = ÂB = ÂB , where ÂB is the Hilbert-Schmidt scalar product of operatorsÂ andB, see Eq. (1). Then, orthogonality ofÂ ⊥ toĤ follows from orthogonality ofÂ ⊥ toĤ in construction of Eq. (7), since ĤÂ ⊥ = ĤÂ ⊥ = ĤÂ ⊥ = 0. The key step is to show locality ofÂ ⊥ . In general, testing locality of integrals of motion via analyzing their supports is a tough problem. However, it is known that in the thermodynamic limit only LIOMs (including pseudolocal conserved operators [68] ) contribute to the Mazur bound [61, 82] 
Hence any conserved operatorQ α is local (or pseudolocal) when ÂQ α 2 / Q αQα > 0 for some normalized, TI and local observableÂ. The latter concept relaxes the constraint on strictly local densities of LIOMs and is equivalent to the definition of pseudolocality introduced in Ref. [83] . Using the identity
Inequality (6) implies that the stiffness ofÂ ⊥ is nonzero,
hence the conserved operatorÂ ⊥ is local or pseudolocal.
Testing completeness of a set of LIOMs. We next consider a system which contains an orthogonal set of LIOMs {Q α }, Q αQβ ∝ δ αβ , and we generalize the definition of projected observables, introduced in Eq. (7), tô
The observablesÂ ⊥ andÂ ⊥ are orthogonal to all LIOMs {Q α } since Â ⊥Qβ = Â ⊥Qβ = ÂQ β −p Aβ Q βQβ = 0, and as a consequence, Eq. (9) is still valid. If the set of LIOMs is complete, then the norm ofÂ ⊥ must vanish in the thermodynamic limit, and hence
Otherwise,Â ⊥ is local (or pseudolocal) and it represents an additional LIOM which is missing in the set {Q α }. Size-dependence of the stiffness. As an important outcome of previous analysis we introduced projected operatorsÂ ⊥ , which are still local operators but their stiffnesses vanish in the thermodynamic limit. They can be constructed for both integrable and nonintegrable models. For the latter,Ĥ is the only LIOM and the stiffness vanishes forÂ ⊥ defined in Eq. (7).
We conjecture that the stiffness may be further reduced if operators are additionally subtracted by their projections on products of LIOMs, which are few-body nonlocal operators. Below we provide analytical and numerical evidence for our conjecture.
Products of LIOMs in generic systems. We first study a generic system where the only LIOM is the Hamiltonian H, and hence the only products of LIOMs are the powers ofĤ. We start by finding the polynomial f (E n ) that minimizes the right hand side of Eq. (4). This is the best polynomial fit to the microcanonical average A(E n ). We introduce a polynomial of degree k of the Hamiltonian (also denoted as the k-product of Hamiltonian),
whereĤ ⊥1 =Ĥ. The k-products are orthogonal by construction, Ĥ ⊥kĤ⊥l ∝ δ k,l . Then, the central step is to construct k-projected observablesÂ ⊥k ,
which can be seen as a generalized form of Eq. (11), witĥ A ⊥1 ≡Â ⊥ . Using orthogonality ofĤ ⊥k one easily finds an explicit form of the k-stiffness, where the stiffness at k = 1 is σ
In [78] we show that f k (E n ) = n|f k (Ĥ)|n is indeed the best polynomial fit to A(E n ) for a given degree k, hence lim k→∞ f k (E n ) = A(E n ).
It follows from Eq. (15) that the stiffness σ 2 A is bounded from below by all r k , i.e., by the projections ofÂ on k-th power of the Hamiltonian. Using a Gaussian density of states one can show [78] 
. Below, we demonstrate that the stiffness σ 2 A may be reduced order by order via subtracting these projections, i.e., via considering operatorsÂ ⊥k introduced in Eq. (14), for which the leading term of the k-stiffness σ 2 A ⊥k is at most of the order O(1/L k ). The physical picture behind our construction is that the diagonal matrix elements of k-projected observablesÂ ⊥k become structureless, i.e., they become closer to the ones typical for the random matrix theory.
For this sake, we study a nonintegrable periodic chain of interacting spinless fermions on L sites and with N = L/3 particles,
(16) Here,n j =ĉ † jĉ j ,n j =n j − 1/3 and we set V = W = 1. The Hamiltonian (16) has been diagonalized separately in each sector with total momentum q. We remove de-generacies in all q-sectors by introducing a flux φ = 2π/L and π/L for even and odd N , respectively.
We study two observables: the generalized hopping energyÂ =
, and the generalized current Figs. 2(a) and 2(c) we show their diagonal matrix elements A nn and B nn , respectively, and the corresponding polynomial fits f k=L (E n ) from Eq. (14) .
A common feature of both observables is that they have zero projection onĤ [i.e., r 1 = 0 in Eq. (15)
. In contrast, the observableÂ has nonzero while the observableB has zero projection on the 2-product ofĤ. This explains the origin of the power-law decay (∝ 1/L) of σ Fig. 2(b) (see also results for r 2 , which approach σ 2 A ⊥ for large L). After the contribution from r 2 is subtracted from the operator, we observe a nearly exponential decay of σ 2 A ⊥k with L for k ≥ 2 in Fig. 2(b) . We note also thatB has no projection on any power of the Hamiltonian, i.e., the diagonal matrix elements have no structure, and σ 2 B decays exponentially with L.
Products of LIOMs in integrable systems. We now turn our focus to integrable models, for which the set of products of LIOMs is much richer. A general k-product of LIOMs should be built iteratively, in analogy to Eq. (13) . Note that the entire set of products of LIOMs should be orthogonal. In the case of 2-products of LIOMs, denoted byX γ(α,β) =Q αQβ − Q αQβ , this is achieved bŷ
As an example, we study a chain of hard-core bosons (HCBs) with the HamiltonianĤ HCB = − j (b † j+1b j + h.c.) using periodic boundaries and the onsite constraints
creates (annihilates) a boson on site j. A complete set of LIOMs {Q α } is given by noninteracting spinless fermions onto which the HCBs are mapped (see [78] for details).
We construct a two-body structureless observableĴ = 2 L j ib † j+1n jbj−1 + H.c. , for which the microcanonical average vanishes, J(E n ) = 0. Figure 3(a) shows the diagonal matrix elements J nn for two system sizes L, and Fig. 3(b) shows that the stiffness σ 2 J extrapolates to a nonzero value in the thermodynamic limit L → ∞. These results signal violation of the ETH as stated in Eq. (5) and the existence of LIOMs.
We then construct a projected observableĴ ⊥ according to Eq. (11) using a complete set of LIOMs. Figure 3 (c) reveals that the support of the diagonal matrix elements of (J ⊥ ) nn is reduced when compared to J nn in Fig. 3(a) . Moreover, Fig. 3(d) shows a vanishing stiffness σ all the possible 2-products of LIOMsX ⊥γ from Eq. (17) . Remarkably, all the diagonal matrix elements of (J ⊥2 ) nn are exactly zero already in finite systems, as shown in Figs. 3(e) and 3(f). This reveals a special instance of the ETH, where the diagonal matrix elements form a welldefined function with zero fluctuations at any system size.
Conclusions. In this Letter we made steps towards a unified treatment of the ETH in integrable and generic quantum systems. We introduced a protocol to construct projected observables, i.e., observables subtracted by their projections on LIOMs and products of LIOMs. In the case of generic nonintregrable systems, these observables gradually become structureless (albeit nonlocal) similarly to the quantities in the random matrix theory. We have demonstrated that fluctuations of the diagonal matrix elements of projected observables decay exponentially with the system size. Finally, we conjecture for integrable systems that this approach eliminates not only the structure but also fluctuations of the diagonal matrix elements which originate from projections on products of LIOMs others than Hamiltonian. So far our applications concerned translationally invariant systems, and extensions to models without translational invariance, e.g. disordered systems, are desired for future work. 
S1. OBSERVABLES IN INTEGRABLE SYSTEMS
Here we study the scaling of fluctuations and stiffnesses of the diagonal matrix elements of operators in an integrable chain of interacting spinless fermions, and discuss normalization of operators. We consider the Hamiltonian in Eq. (16) (see the main text) with W = 0, diagonalized separately in each sector with total momentum q. All other parameters, including the particle filling N/L = 1/3, remain the same as in the main text. We study two normalized current operators (i.e., operators that have a L-independent norm),
for which microcanonical averages vanish, i.e., 
where E ∞ is the energy that corresponds to infinite temperature. Open symbols in Fig. S1(a) show results in a single q-sector, which we denote by Σ limit, then it entails the presence of a LIOM. However, the opposite claim does not hold true. When an operator is incompatible with the structure of LIOMs, e.g. with respect to translational symmetry, its stiffness may vanish (as a power law) in the thermodynamic limit despite the presence of LIOMs.
S2. PRODUCTS OF LIOMS IN GENERIC SYSTEMS
Best polynomial fit to the microcanonical average. The best fit to A(E n ) via the polynomial of degree k is given by the matrix elements f k (E n ) = n|f k (Ĥ)|n , wherê
and the j-products ofĤ, denoted asĤ ⊥j , are defined by Eq. (13) in the main text. In order show that Eq. (S4) is indeed the best fit, one needs to show that this particular function f minimizes the stiffness ofÂ ⊥k =Â −f k (Ĥ),
We note thatÂ ⊥k is orthogonal toĤ ⊥i for all i ≤ k, hence Â ⊥kĤ⊥i = Â ⊥kĤ⊥i = 0. Moreover, allĤ ⊥i are mutually orthogonal by construction, Ĥ ⊥jĤ⊥i ∝ δ ij . One may modify coefficients of the polynomial,f k (H) = f k (H) + j α jĤ⊥j and introduce the corresponding projected operatorÂ ⊥k =Â −f k (H). Then,
Therefore, any modification of the polynomial in Eq. (S4) increases the stiffness of the projected operator. Projections on powers of Hamiltonian. Here, we discuss the L-dependence of the projection r i , as defined via Eq. (15) in the main text, for a generic nonintegrable system. Our main assumption is that the many-body density of states is a Gaussian function
where, for simplicity, we put ε 0 = 1. We consider diagonal matrix elements of the k-products ofĤ, as defined via Eq. (13) in the main text. Since, Ĥ ⊥iĤ⊥j ∝ δ ij , it is useful to define normalized operators as
As it follows from Eq. (13) in the main text,H ⊥i = w i (Ĥ), where w i is a polynomial of degree i. Using the orthogonality relation, Eq. (S8), together with the density of states we find that polynomials w i are orthogonal with the Gaussian weight function
Comparing the latter equation with the orthogonality relation for the Hermite polynomials
one finds for the Gaussian density of state thatH ⊥i is the Hemite polynomial ofĤ of degree i
We consider a translationally invariant normalized observableÂ that fulfills the ETH. Namely, we assume that its diagonal matrix elements are determined by the energy density up to exponentially decaying fluctuations,
where the term √ L originates from normalization discussed in the main text. In order to obtain the projection r i defined in the main text in Eq. (15) we calculatẽ
We expand the microcanonical average A x 2/L in power series. We also use the fact that the Hermite polynomial H i (x) is orthogonal to all polynomials of degree j < i. Therefore, the leading contribution tor i comes from the i-th order expansion of A x 2/L and, therefore, scales with L according tõ
Finally, one finds that the projections which determine the stiffness decay with L according to the power-law
(S15)
S3. LIOMS IN INTEGRABLE SYSTEMS
In the main text, we also study integrable HCBs, which can be mapped onto spins 1/2 and spin 1/2 onto spinless fermions asb j = e iπ m<jĉ † mĉm , such that the HamiltonianĤ HCB maps onto a Hamiltonian for noninteracting spinless fermions,Ĥ SF = − j (ĉ † j+1ĉ j + h.c.). For the latter, we define a set of orthogonal and normalized conserved one-body operators aŝ
where we assumed in Eq. (S19) that L is an even integer. A complete set of L conserved one-body operators (for finite systems under considerations also called a complete set of LIOMs) is obtained by setting n = 1, 2, ..., L/2 − 1.
